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Abstract
In this paper we obtain the variational characterization of Hardy space Hp for p ∈ ( n
n+1
, 1] and get
estimates for the oscillation operator and the λ-jump operator associated with approximate identities
acting on Hp for p ∈ ( n
n+1
, 1]. Moreover, we give counterexamples to show that the oscillation and λ-jump
associated with some approximate identity can not be used to characterize Hp for p ∈ ( n
n+1
, 1].
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2 H. Liu
1 Introduction
Variational, oscillation and jump inequalities have been the subject of many recent articles in probabil-
ity, ergodic theory and harmonic analysis. The first variational inequality was proved by Le´pingle [12] for
martingales. Using Le´pingle’s result, Bourgain [1] is the first one who to obtain corresponding variational
estimates for the Birkhoff ergodic averages and then directly deduce pointwise convergence results without
previous knowledge that pointwise convergence holds for a dense subclass of functions, which are not avail-
able in some ergodic models. Bourgain’s work has initiated a new research direction in ergodic theory and
harmonic analysis. In [2, 3, 5, 7, 8], Jones and his collaborators systematically studied jump and variational
inequalities for ergodic averages and truncated singular integrals. Since then many other publications came
to enrich the literature on this subject. Analogs are also true for corresponding maximal operators which
were known. A number of phenomena show that variational, jump and oscillation operators seems to play
the same role as maximal operators in harmonic analysis.
In this paper we consider variation, oscillation and λ-jump operators associated with approximate iden-
tities. The variational inequality gives us the characterization of Hp for p ∈ ( nn+1 , 1]. We obtain estimates
for the oscillation and λ-jump acting on Hardy space. A counterexample show that oscillation and λ-jump
operators are too small to characterize Hardy space. Before we present our main results we recall some
definitions and known results.
Let I be a subset of R+, a = {at : t ∈ I} be a family of complex numbers and ρ ≥ 1. The ρ-variation
norm of the family a is defined by
‖a‖vρ(I) = sup
(∑
k≥1
|atk − atk−1 |ρ
) 1
ρ ,
where the supremum runs over all finite decreasing sequences {tk} in I. We denote the norm vρ(R+) by vρ
for short. It is trivial that
‖a‖L∞(I) := sup
t∈I
|at| ≤ |at0 |+ ‖a‖vρ(I)
for any t0 ∈ I and ρ ≥ 1.
Given a family of Lebesgue measurable functions F(x) = {Ft(x) : t ∈ I}, the value of the ρ-variation
function Vq(F) of the family F at x is defined by
Vρ(F)(x) = ‖{Ft(x)}‖vρ(I), ρ ≥ 1.
Specially, suppose A = {At}t>0 is a family of operators, the ρ-variation operator related A is simply defined
as
Vρ(A f)(x) = ‖{At(f)(x)}t>0‖vρ .
It is easy to observe that for any fixed x ∈ Rn, if Vρ(A f)(x) < ∞, then lim
t→0+
At(f)(x) and lim
t→+∞At(f)(x)
exist. In particular, if Vρ(A f) belongs to some function spaces such as L
p or Lp,∞, then the sequence
converges almost everywhere without any additional condition. This is why mapping property of ρ-variation
operator is so interesting in probability, ergodic theory and harmonic analysis. In 1976, Le´pingle [12] showed
that the ρ-variation operator related to a bounded martingale sequence is a bounded operator on Lp for
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1 < p < ∞ and ρ > 2. These estimates can fail for ρ ≤ 2, see [11, 14]. So, we need the oscillation operator
to substitute the 2-variation operator.
For each fixed decreasing sequence {ti} in R+, we also define the oscillation operator related to A
O(A f)(x) =
( ∞∑
i=1
sup
ti≤εi<εi+1≤ti+1
|Aεi+1f(x)−Aεif(x)|2
)1/2
.
We also study the λ-jump operator. For λ > 0, the value of the λ-jump function for F at x is defined by
Nλ(F)(x) = sup
{
N ∈ N : ∃ s1 < ε1 ≤ s2 < ε2 ≤ . . . ≤ sN < εN such that |Fεk(x)− Fsk (x)| > λ
}
.
Similarly, we define the λ-jump operator related to A as Nλ(A f)(x) = Nλ({Atf}t>0)(x). Obviously, if
lim
t→0+
Atf(x) and lim
t→+∞
Atf(x) exist, then Nλ(A f)(x) <∞ for any λ > 0. Moreover, for λ > 0 and ρ ≥ 1
(1.1) λ[Nλ(A f)(x)]
1/ρ ≤ CρVρ(A f)(x).
Let φ ∈ S with ∫ φdx = 1, φt(x) = 1tnφ(xt ), denote function family {φt ∗ f(x)}t>0 by Φ ⋆ f(x). Let f be
a tempered distribution, we define maximal function Mφ by
Mφf(x) = sup
t>0
|(f ∗ φt)(x)|.
Definition 1.1. Let 0 < p <∞. A distribution f belongs to Hp if the maximal function Mφf is in Lp.
The main results of this paper are the following three theorems.
Theorem 1.2. For any ρ > 2, there exists Cρ > 0 such that
(1.2) ‖Vρ(Φ ⋆ f)‖Lp ≤ Cρ‖f‖Hp , n
n+ 1
< p ≤ 1.
Moreover, for nn+1 < p <∞, the following conditions are equivalent:
(i) There is a φ ∈ S with ∫ φdx 6= 0 so that Mφf ∈ Lp.
(ii) For any ρ > 2, there is a φ ∈ S with ∫ φdx 6= 0 so that φ ∗ f and Vρ(Φ ⋆ f) in Lp.
In the above result, the variation operator is used to characterize Hp spaces, it is natural to ask if the
analogue for the oscillation operator holds.
Theorem 1.3. For any {ti} ց 0 and p ∈ ( nn+1 , 1], there exists a positive constant Cp such that
(1.3) ‖O(Φ ⋆ f)‖Lp ≤ Cp‖f‖Hp .
Moreover, there exists {ti} ց 0, φ ∈ S with
∫
φdx 6= 0 and f ∈ S such that O(Φ⋆f) ∈ Lp and Mφ(f) /∈ Lp
for any p ∈ (0, 1].
We also apply the above result on variation to provide estimates for the λ-jump operator.
Theorem 1.4. If ρ > 2, then the λ-jump operator Nλ(Φ ⋆ f) satisfies
(1.4) ‖λNλ(Φ ⋆ f)1/ρ‖Lp ≤ Cρ‖f‖Hp , n
n+ 1
< p ≤ 1,
uniformly in λ > 0. Moreover, there exists φ ∈ S with ∫ φdx 6= 0 and f ∈ S such that ‖λNλ(Φ⋆f)1/ρ‖L1 <
∞ uniformly in λ > 0 and Mφ(f) /∈ L1.
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The paper is organized as follows. In Section 2, we prove that ρ-variation, oscillation and λ-jump operators
related to approximate identities are of strong type (p, p) for 1 < p < ∞ and weak type (1, 1). Using the
strong Lp(p > 1) estimates for the ρ-variation operator and the atom decomposition of Hardy space, we show
Theorem 1.2 in Section 3. We consider the estimate for the oscillation operator associated to approximate
identities acting on Hardy space and show that the oscillation is not proper to characterize Hardy spaces
in Section 4. Finally, we present a jump inequality for the λ-jump operator on Hardy space and conjecture
that its improvement holds, we also illustrate that the λ-jump operator can not be used to characterize H1.
2 Operators related to approximate identities on Lp
To study the mapping property of variation, oscillation and λ-jump operators related to approximate
identities on Hp, we need strong Lp estimates for 1 < p < ∞. We use the argument in [8] and include all
details for completeness although they are trivial. The following lemmas will be used later.
Lemma 2.1. ([8, Lemma 1.3]) Let A = {At}t>0 be a family of operators. Then
λ
√
Nλ(A f) ≤ C[S2(A f) + λ
√
Ndλ/3(A f)],
where Ndλ(A f) = Nλ({A2kf}) and S2(A f) = (
∑
j ‖A f‖2v2(2j ,2j+1])1/2.
Let σ be a compactly supported finite Borel measure and satisfying
(2.1) |σˆ(ξ)| ≤ C|ξ|−b, for some b > 0.
σt is given by < σt, f >=
∫
f(tx)dσ.
Lemma 2.2. ([8, Theorem 1.1, Lemma 6.1]) Let U = {Uk} where Ukf = f ∗ σ2k . If σ satisfies (2.1), then
‖λ
√
Nλ(Uf)‖Lp ≤ Cp‖f‖Lp
uniformly in λ > 0. Moreover, let A = {At}t>0 where Atf = f ∗ σt. If σ satisfies (2.1) for some b > 1/2,
then
‖S2(A f)‖Lp ≤ Cp‖f‖Lp
holds for min{2n/(n+ 2b− 1), (2b+ 1)/2b} < p < max{2n/(n− 2b− 1), 2b+ 1}.
Lemma 2.3. ([8, Theorem 1.1]) If φ satisfies
(2.2)
∫
Rn
|φ(x+ y)− φ(x)|dx ≤ C|y|−b
for some b > 0, then for any α > 0 we have
(2.3) |{x : λ
√
Ndλ(Φ ⋆ f)(x) > α}| ≤
C
α
‖f‖L1
uniformly in λ > 0.
We now state a theorem on the λ-jump operator associated with approximate identities.
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Theorem 2.4. Let φ ∈ S with ∫ φdx 6= 0. For 1 < p <∞, there exists a positive constant Cp such that
(2.4) ‖λ
√
Nλ(Φ ⋆ f)‖Lp ≤ Cp‖f‖Lp,
uniformly in λ > 0. Moreover, for any α > 0,
(2.5) |{x : λ
√
Nλ(Φ ⋆ f)(x) > α}| ≤ C
α
‖f‖L1,
uniformly in λ > 0.
Proof. Clearly, φˆ ∈ S , which means that for any N ∈ N there is a CN such that
|φˆ(ξ)| ≤ CN (1 + |ξ|)−N .
Therefore |φˆ(ξ)| ≤ Cn|ξ|−n+12 . By Lemma 2.2, we have
(2.6) ‖λ
√
Ndλ(Φ ⋆ f)‖Lp ≤ Cp‖f‖Lp and ‖S2(Φ ⋆ f)‖Lp ≤ Cp‖f‖Lp, 1 < p <∞.
By Lemma 2.1, we get (2.4). We turn to the proof of (2.5). Lemma 2.1 and Lemma 2.3 imply that it suffices
to prove
|{x : S2(Φ ⋆ f)(x) > 1}| ≤ C‖f‖L1.(2.7)
We perform the Caldero´n-Zygmund decomposition of f at height 1 and write f = g + b. We just need to
establish the following two estimates:
(2.8) |{x : S2(Φ ⋆ g)(x) > 1/2}| ≤ C‖f‖L1,
and
(2.9) |{x : S2(Φ ⋆ b)(x) > 1/2}| ≤ C‖f‖L1.
As usual the known Lp bounds for S2 allows us to obtain (2.8):
|{x : S2(Φ ⋆ g)(x) > 1/2}| ≤ C
∫
Rn
|S2(Φ ⋆ g)(x)|2dx
≤ C
∫
Rn
|g(x)|2dx ≤ C‖f‖L1.
To show (2.9), we write b =
∑
j bj precisely, where each bj is supported in a dyadic cube Qj . We denote
by l(Qj) the side length of Qj . Let Q˜j be the cube with sides parallel to the axes having the same center as
Qj and having side length 8l(Qj), write Q˜ =
⋃
Q˜j . Obviously,
|Q˜| ≤
∑
j
|Q˜j| ≤ C
∑
j
|Qj | ≤ C‖f‖L1.
We still need to prove that
|{x ∈ Q˜c : S2(Φ ⋆ b)(x) > 1/2}| ≤ C‖f‖L1.
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Let xj be the center of Qj. Using the moment condition of bj and Ho¨lder’s inequality, we get
‖Φ ⋆ b(x)‖v2(2i,2i+1] ≤
∑
j
∫
Qj
|bj(y)|‖Φ(x− y)− Φ(x− xj)‖v2(2i,2i+1]dy.
For x ∈ Q˜c and xj , y ∈ Qj , it is clear that |x− xj − θ(y − xj)| ∼ |x− xj | for any θ ∈ [0, 1]. Then,
‖Φ(x− y)− Φ(x− xj)‖v2(2i,2i+1] ≤ ‖Φ(x− y)− Φ(x − xj)‖v1(2i,2i+1]
≤
∫ 2i+1
2i
| d
dt
[φt(x− y)− φt(x− xj)]|dt
≤ C|y − xj |
∫ 2i+1
2i
1
tn+2
(
1 +
|x− xj |
t
)−(n+2)dt,
where we use the following well-known fact
(2.10) ‖a‖vρ ≤ ‖a‖v1 ≤
∫ ∞
0
|a′(t)|dt,
see (39) in [8]. Consequently,
(2.11) ‖Φ(x− y)− Φ(x− xj)‖v2(2i,2i+1] ≤ Cl(Qj)min{2i+1|x− xj |−n−2, 2−i(n+1)}.
Finally, by (2.11) and Ho¨lder’s inequality,
|{x ∈ Q˜c : S2(Φ ⋆ b)(x) > 1/2}| ≤ C
∫
Q˜c
(
∑
i∈Z
‖Φ ⋆ b(x)‖2v2(2i,2i+1])
1
2 dx
≤ C
∫
Q˜c
∑
j
∫
Qj
|bj(y)|[
∑
i∈Z
‖Φ(x− y)− Φ(x − xj)‖2v2(2i,2i+1]]
1
2 dydx
≤ C
∑
j
l(Qj)
∫
Qj
|bj(y)|dy
∫
Q˜j
c
dx
|x− xj |n+1
≤ C‖f‖L1.
This completes the proof of Theorem 2.4.
To obtain the variational inequality, we present a lemma reducing variational inequalities to jump in-
equalities, which is a generalization of Bourgain’s argument in [1].
Lemma 2.5. ([8, Lemma 2.1]) Suppose that p0 < q < p1 and that for p0 < p < p1 the inequality
sup
λ>0
‖λ[Nλ(T f)]1/q‖Lp ≤ C‖f‖Lp
holds for all f in Lp. Then we have for q < ρ,
‖Vρ(T f)‖Lp ≤ C(p, ρ)‖f‖Lp
for f ∈ Lp, p0 < p < p1.
As a result of above lemma, the following variational inequality holds:
Characterization of Hp 7
Theorem 2.6. For any ρ > 2 and 1 < p <∞, there exists Cp,ρ > 0 such that
(2.12) ‖Vρ(Φ ⋆ f)‖Lp ≤ Cp,ρ‖f‖Lp.
Moreover, for any α > 0,
(2.13) |{x : Vρ(Φ ⋆ f)(x) > α}| ≤ C
α
‖f‖L1.
Proof. Clearly, (2.4) and Lemma 2.5 imply (2.12). (2.13) can be proved as (2.7).
Theorem 2.7. For any {ti} ց 0 and 1 < p <∞, there exists Cp > 0 such that
(2.14) ‖O(Φ ⋆ f)‖Lp ≤ Cp‖f‖Lp.
Moreover, for any α > 0,
(2.15) |{x : O(Φ ⋆ f)(x) > α}| ≤ C
α
‖f‖L1.
Proof. Let ki be the smallest integer such that 2
ki greater than or equal to ti. The long oscillation operator
is given by
OL(Φ ⋆ f)(x) =
(∑
i
sup
ki+1≤l≤m≤ki
|φ2l ∗ f(x)− φ2m ∗ f(x)|2
)1/2
.
The oscillation inequality follows from the pointwise estimate
O(Φ ⋆ f)(x) ≤ C[S2(Φ ⋆ f)(x) + OL(Φ ⋆ f)(x)].
Strong Lp estimates and weak (1, 1) estimate for S2(Φ⋆f) have been established as above. For the long oscil-
lation OL(Φ⋆f), we borrow some notations and results from [8, pp.6724]. For j ∈ Z and β = (m1, · · · ,mn) ∈
Z
n, we denote the dyadic cube
∏n
k=1(mk2
j, (mk + 1)2
j] in Rn by Qjβ, and the set of all dyadic cubes with
side length 2j by Dj . The conditional expectation of a local integrable f with respect to Dj is given by
Ejf(x) =
∑
Q∈Dj
1
|Q|
∫
Q
f(y)dy · χQ(x)
for all j ∈ Z. Note that OL satisfies
OL(Φ ⋆ f) ≤ OL(Df) + OL(E f),
where
Df = {φ2k ∗ f − Ekf}k and E f = {Ekf}k.
Following inequalities are oscillation inequalities for dyadic martingales (see [5]),
|{x : OL(E f)(x) > α}| ≤ C
α
‖f‖L1 and ‖OL(E f)‖Lp ≤ Cp‖f‖Lp, 1 < p <∞.
Next, observe that
OL(Df) ≤ C
(∑
k∈Z
|φk ∗ f − Ekf |2
)1/2
:= Sf.
Jones et al [8] have established the following weak-type (1, 1) bound and Lp bounds for S,
(2.16) |{x : Sf(x) > α}| ≤ C
α
‖f‖L1 and ‖Sf‖Lp ≤ Cp‖f‖Lp, 1 < p <∞,
see also [4]. This completes the proof of Theorem 2.7.
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Remark 2.8. With φ a radial function, Campbell et al [2, 3] obtained Theorem 2.6 and Theorem 2.7 by
rotation method.
3 Variational characterization of Hp
In what follows we shall use the well-known atom decomposition of Hp. So, we present the definition of
(p, q)-atom.
Definition 3.1. Let 0 < p ≤ 1 ≤ q ≤ ∞, p 6= q. A function a(x) ∈ Lq is called a (p, q)-atom with the center
at x0, if it satisfies the following conditions:
(i) Supp a ⊂ B(x0, r);
(ii) ‖a‖Lq ≤ |B(x0, r)|
1
q
− 1
p ;
(iii)
∫
a(x)dx = 0.
Lemma 3.2. ([13]) Let 0 < p ≤ 1. Given a distribution f ∈ Hp, there exists a sequence of (p, q)-atoms with
1 ≤ q ≤ ∞ and q 6= p, {ak}, and a sequence of scalars {λk} such that
f =
∑
k
λkak in H
p.
Proof of Theorem 1.2. In proving Theorem 1.2 we consider first the inequality (1.2). By [15, Theorem
1.1], we just need to prove that there exists a positive constant C such that ‖Vρ(Φ ⋆ a)‖Lp ≤ C for any (p, 2)
atom a and p ∈ ( nn+1 , 1].
Suppose a is supported in a cube Q, x0 is the center of Q, write Q˜ = 8Q. By Ho¨lder’s inequality and
Theorem 2.6, ∫
Q˜
Vρ(Φ ⋆ a)
p(x)dx ≤ |Q˜|1− p2 ‖Vρ(Φ ⋆ a)‖pL2 ≤ C|Q|1−
p
2 ‖a‖pL2 ≤ C.
To deal with x ∈ (Q˜)c one uses the cancelation condition of a and Minkowski’s inequality,
Vρ(Φ ⋆ a)(x)
= sup
{εk}ց0
(∑
k
∣∣∣∣
∫
Rn
{[
φεk (x− y)− φεk+1(x − y)
]− [φεk(x − x0)− φεk+1(x − x0)]
}
a(y)dy
∣∣∣∣
ρ) 1
ρ
≤
∫
Q
|a(y)| sup
{εk}ց0
(∑
k
∣∣∣∣[φεk(x− y)− φεk(x− x0)]− [φεk+1(x− y)− φεk+1(x− x0)]
∣∣∣∣
ρ) 1
ρ
dy
≤
∫
Q
|a(y)|‖Φ(x− y)− Φ(x− x0)‖vρdy.
For x ∈ (Q˜)c, y ∈ Q and θ ∈ (0, 1), we have |x − x0 + θ(y − x0)| ∼ |x − x0|. Note that φ(x−yt ) is a smooth
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function of t on (0,∞) for any fixed x, y. Applying (2.10) and the mean value theorem, we estimate
‖Φ(x− y)− Φ(x− x0)‖vρ ≤‖Φ(x− y)− Φ(x− x0)‖v1
≤C|y − x0|
∫ ∞
0
1
tn+2
(
1 +
|x− x0|
t
)−(n+2)dt
≤C |y − x0||x− x0|n+1
∫ ∞
0
tn
(1 + t)n+2
dt
≤C |y − x0||x− x0|n+1 .
Hence, we obtain the desired bound∫
(Q˜)c
Vρ(Φ ⋆ a)
p(x)dx ≤ C
∫
|x−x0|≥8l(Q)
lp(Q)
|x− x0|(n+1)p dx
( ∫
Q
|a(y)|dy)p ≤ C,
finishing the proof of (1.2).
We now turn to the equivalence of two conditions in Theorem 1.2. Note that Mφf(x) ≤ |φ ∗ f(x)| +
Vρ(Φ ⋆ f)(x). Thus, (ii) implies (i). Conversely, Mφf ∈ Lp means f ∈ Hp for nn+1 < p ≤ 1 and f ∈ Lp for
1 < p <∞. Also, the pointwise estimate φ ∗ f(x) ≤Mφf(x) shows φ ∗ f ∈ Lp for nn+1 < p <∞. From (1.2)
and (2.12), we obtain Vρ(Φ ⋆ f) ∈ Lp, finishing the proof of Theorem 1.2.
4 Oscillation on Hp
Estimates for the oscillation operator acting on Hp are trivial. It suffices to show that there exists a
positive constant C such that ‖O(Φ ⋆ a)‖Lp ≤ C for any (p, 2) atom a and p ∈ ( nn+1 , 1]. By Theorem 2.7 and
Ho¨lder’s inequality, we have∫
Q˜
O(Φ ⋆ a)p(x)dx ≤ C|Q|1− p2 ‖O(Φ ⋆ a)‖pL2 ≤ C|Q|1−
p
2 ‖a‖pL2 ≤ C.
Next we consider the integral of O(Φ ⋆ a)p on (Q˜)c. Note that O(Φ ⋆ a)(x) ≤ CV2(Φ ⋆ a)(x). Applying the
same argument, we obtain∫
(Q˜)c
O(Φ ⋆ a)p(x)dx ≤ C
∫
(Q˜)c
V2(Φ ⋆ a)
p(x)dx ≤ C
∫
|x−x0|≥8l(Q)
lp(Q)
|x− x0|(n+1)p
( ∫
Q
|a(y)|dy)pdx ≤ C.
Hence, we get ‖O(Φ ⋆ f)‖Lp ≤ C‖f‖Hp .
We now turn to the negative result in Theorem 1.3. Let φ(x) = f(x) = e−x
2
for x ∈ R, φt ∗ f(x) =
1√
t2+1
e
− x2
1+t2 , φ ∗ f(x) =
√
2
2 e
−x2
2 ∈ Lp for any p ∈ (0, 1]. Define F (s, x) = se x
2
s2 for (s, x) ∈ (1,+∞)× R+.
Clearly, for fixed x ∈ [0,
√
2
2 ], F (s, x) is increasing respect to s; for fixed x ∈ (
√
2
2 ,+∞), F (s, x) is decreasing
on (1,
√
2x] and increasing on (
√
2x,+∞). Note that Mφ(f) is even. Therefore,
Mφ(f)(x) =
{
e−x
2
, x ∈ [−
√
2
2 ,
√
2
2 ],
1√
2e
1
x , x ∈ (−∞,−
√
2
2 )
⋃
(
√
2
2 ,+∞).
Obviously, Mφ(f) /∈ Lp for any p ∈ (0, 1].
For the oscillation of Φ ⋆ f , we take tn =
1
n and use the following pointwise estimate
O(Φ ⋆ f)(x) ≤
∑
n
sup
1
n+1
≤εn+1<εn≤ 1n
|φεn+1 ∗ f(x)− φεn ∗ f(x)|.
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For fixed x ∈ [0,
√
2
2 ],
1
s e
−x2
s2 is decreasing on (1,+∞). So,
O(Φ ⋆ f)(x) ≤
∑
n
|φ 1
n+1
∗ f(x)− φ 1
n
∗ f(x)|
= φ0 ∗ f(x)− φ1 ∗ f(x) = e−x
2 −
√
2
2
e−
x2
2 .
For fixed x ∈ (
√
2
2 , 1),
1
se
−x2
s2 is increasing on (1,
√
2x] and decreasing on (
√
2x,
√
2]. We estimate
O(Φ ⋆ f)(x) ≤
∑
1
n+1
≤√2x2−1
sup
1
n+1
≤εn+1<εn≤ 1n
|φεn+1 ∗ f(x)− φεn ∗ f(x)|
+
∑
1
n
>
√
2x2−1
sup
1
n+1
≤εn+1<εn≤ 1n
|φεn+1 ∗ f(x)− φεn ∗ f(x)|
≤
√
2
e
1
x
− e−x2 −
√
2
2
e−
x2
2 .
For fixed x ∈ [1,+∞), 1se−
x2
s2 is increasing on (1,
√
2]. Hence
O(Φ ⋆ f)(x) ≤
∑
n
|φ 1
n+1
∗ f(x)− φ 1
n
∗ f(x)|
= φ1 ∗ f(x)− φ0 ∗ f(x) =
√
2
2
e−
x2
2 − e−x2 .
Obviously,O(Φ ⋆ f) is even and O(Φ ⋆ f) ∈ Lp for any p ∈ (0, 1], completing the proof of Theorem 1.3.
5 λ-jump on Hp
Proof of Theorem 1.4. It is clear that for λ > 0 and ρ ≥ 1
λ[Nλ(Φ ⋆ f)(x)]
1/ρ ≤ CρVρ(Φ ⋆ f)(x).
Consequently, we have
‖λ[Nλ(Φ ⋆ f)]1/ρ‖Lp ≤ Cρ‖Vρ(Φ ⋆ f)‖Lp ≤ Cρ‖f‖Hp , p ∈ ( n
n+ 1
, 1],
uniformly in λ > 0.
For counterexample, we take φ(x) = f(x) = e−x
2
. Obviously, f /∈ Hp and Mφ(f) /∈ Lp for any p ∈ (0, 1].
When λ ≥ 1, we have Nλ(Φ ⋆ f)(x) ≡ 0 and ‖λ[Nλ(Φ ⋆ f)]1/ρ‖Lp < ∞ uniformly in λ > 0 for any
p ∈ (0, 1].
When 1√
e
≤ λ < 1, we get Nλ(Φ ⋆ f)(x) ≤ e−x2λ−1 for |x| ≤
√− lnλ and Nλ(Φ ⋆ f)(x) = 0 for√− lnλ < x. Hence, ‖λ[Nλ(Φ ⋆ f)]1/ρ‖Lp <∞ uniformly in λ > 0 for any p ∈ (0, 1].
When 0 < λ < 1√
e
, we obtain
Nλ(Φ ⋆ f)(x) ≤ C


e−x
2
λ−1, x ∈ [−
√
2
2 ,
√
2
2 ],√
2
e
1
λ|x| − e−x
2
λ−1, x ∈ (− 1
λ
√
2e
,−
√
2
2 )
⋃
(
√
2
2 ,
1
λ
√
2e
),
0, x ∈ (−∞,− 1
λ
√
2e
)
⋃
( 1
λ
√
2e
,+∞).
Characterization of Hp 11
One can establish the following Lp bounds:
‖λ[Nλ(Φ ⋆ f)]1/ρ‖pp ≤ Cλp(1−1/ρ)
∫ √2
2
0
e−px
2/ρdx+ Cλp(1−1/ρ)
∫ 1
λ
√
2e
√
2
2
x−
p
ρ dx
≤ C + Cλp−1.
Consequently, ‖λ[Nλ(Φ ⋆ f)]1/ρ‖L1 <∞ uniformly in λ > 0 for ρ ∈ (1,∞).
Theorems 1.4 suggests the following improvement:
Conjecture 5.1. For nn+1 < p ≤ 1, there exists Cp > 0 such that
‖λ
√
Nλ(Φ ⋆ f)‖Lp ≤ Cp‖f‖Hp ,
uniformly in λ > 0.
In the case of analogous for variation, oscillation and λ-jump operators, we know the conjecture above
is possible. However, our current techniques do not allow us to prove it.
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